Some nonrenormalizable theories are less singular than all renormalizable theories, and one can use lattice simulations to extract physical information from them. This paper discusses four nonrenormalizable theories that have finite euclidian and minkowskian Green's functions. Two of them have finite energy densities and describe scalar bosons of finite mass. The space of nonsingular nonrenormalizable theories is vast.
weighted by a negative exponential e −S [φ] of the euclidian action
They are mean values of fields 0|T [φ e (x 1 ) . . . φ e (x n )] |0 = φ(x 1 ) . . . φ(
in a probability distribution
normalized by
The weight that the probability distribution P [φ] gives to large values of the field determines how singular the Green's functions are. They become less singular as the probability of large field values decreases.
Many nonrenormalizable theories are less singular than all renormalizable theories. In fact, theories must be singular in order to be renormalizable. A theory of a scalar field in 4-dimensions, for instance, is renormalizable only if the highest power of the field is φ 4 , and so the probability P [φ] for the field to assume a large value |φ(x)| within a hypercube of edge a is something like exp( − a 4 |φ(x)| 4 ). This exponential is small only if |φ(x)| > 1/a, and so the Green's function 0|φ(0)φ(ax)|0 diverges as 1/a 2 as a → 0. In a theory with φ n (x) in its action density, the 2-point function diverges as 1/a 8/n as a → 0, becoming less singular as n exceeds 4 where the theory becomes nonrenormalizable [1] .
One can't apply ordinary perturbation theory to these nonrenormalizable theories, but one can use lattice methods, expansions in powers of , and functional integration to extract physical information from them.
In a theory with a euclidian action density L(x) that is infinite when the modulus of the field exceeds M, the probability P [φ] of fields with |φ(x)| > M vanishes, and the Green's functions are finite, a possibility first suggested by Boettcher and Bender [2] . A theory of a scalar boson field with euclidian action density (6) has finite Green's functions in euclidian and Minkowski space [1] . This theory is not renormalizable, but it is less singular than those that are.
I use lattice methods in section II to discuss this theory (6) and a similar one
both of which have finite Green's functions. We will see that in these theories the mean value of the (dimensionless) energy density in the vacuum diverges quadratically as 4/3(aM) 2 as the dimensionless lattice spacing aM → 0, while that of the free theory diverges quartically as 1/2(aM) 4 . By doing the relevant nongaussian functional integrals, I show that at any point x the 2n-point function 0|φ 2n (x)|0 in these theories is given by the simple formula [1] 
2n + 1 (8) and that the mean value of the potential energy V s (x) in the ground state of the theory L s
In section III, I use lattice methods to show that in the theory with euclidian action density
and in the closely related theory
the mean value of the energy density in the vacuum is is finite and equal to 0.7120 M of the gauge fields. I also propose two theories of gravity that are less singular than ordinary quantum gravity and two ways to handle fermions.
II. THEORIES WITH FINITE GREEN'S FUNCTIONS
The existence of quantum field theories with finite Green's functions was first suggested by Boettcher and Bender [2] . On a lattice of spacing a, the euclidian action of the theory (6) with finite Green's functions is a sum over all N 4 vertices v of the vertex action
in which the field ϕ = φ/M and the product aM are dimensionless. The ± signs mean that we average the forward and backward derivatives. We get the functional integrals of the continuum theory by sending the lattice spacing a → 0 and the size of the lattice N → ∞.
In the limit M → ∞, the action L 1 of the theory with finite Green's functions (6) and its lattice action (12) respectively reduce to those of the free theory
and
I have run Monte Carlo simulations [3] with the action S 1 (12) and S 0 (14) on a 20 4 lattice with periodic boundary conditions. In all the simulations of this paper, I allowed the fields to thermalize for a million sweeps and then took data in several runs of 2 × 10 6 sweeps which case it's infinite. Thus, the field is limited to |φ(x)| < M, and in the ratio (15) of path integrals that gives the mean value 0|φ 2n (x)|0 /M 2n , the integrations over the field at
This mean value is therefore a ratio of one-dimensional integrals [1] 
The mean value of an odd power vanishes by symmetry. In these simulations, the dimensionless 2-point function is the average of N measurements of products of fields The exact dimensionless 2-point function of the free theory L 0 in the continuum is
in which the approximation of the second line holds for naM << 1 and that of the third for naM >> 1. The exact dimensionless 2-point function of the free theory L 0 on an infinite lattice is We turn now to the theory (7) with euclidian action density
This theory also has finite Green's functions. Arguments similar to the ones that gave us the mean-value formulas (15) show that the mean value the potential-energy density V s in the ground state is
that the mean value of the 2nth power of the field at a given point x is 
III. THEORIES WITH FINITE GROUND-STATE ENERGIES
The energy densities of the theories L 1 and L s (6 and 7) diverge because their derivatives contribute only quadratically to their action densities. We can make the mean value of the ground-state energy density finite by using as the euclidian action density (10) or
The euclidian action on a lattice of spacing a of the theory (22) is a sum over all N 4 vertices v of the vertex action
in which the field ϕ = φ/M and the product aM are dimensionless. The ± signs mean that we average the forward and backward derivatives. We recover functional integrals like
by taking the twin limits a → 0 and N → ∞. 
IV. MASSES
One may use analytic and lattice methods to estimate the physical masses of the bosons of the four theories described in sections II and III.
Although the theories L 1 and L s have finite Green's functions, they describe bosons of infinite mass. We can see why the mass of the theory L 1 diverges by considering the equation of motion of its field φ(x) in Minkowski spacetimë
I will approximate the nonlinear term (1 − φ 2 /M 2 ) −2 by its mean value in the vacuum
An argument similar to the one that gave us the mean-value formulas (15) shows that this mean value diverges
So the physical mass of the boson is infinite. Similarly, the equation of motion of the field of the second theory L s in Minkowski space
I again use the approximation
The mean value is infinite
and so is the mass of the boson. Figure 9 verifies these estimates of the masses bosons of theories L 1 and L s .
a good analytic argument that shows that their masses are finite. But these theories bound the derivatives (∂ µ φ) 2 as well as the fields φ 2 , and the lattice action (24) shows that if the derivatives are to be bounded in the limit aM → 0, then the mean values of the fields 0|φ 2n (x)|0 must become tiny in that limit as a glance at Fig. 8 reveals. Thus, we expect the masses of the bosons of the second pair of theories L f and L f,s to be finite.
I used the 2-point functions displayed in Figs. 3, 6 , and 8 to estimate the masses of the bosons of the four theories as follows. Let
be the dimensionless 2-point function for one of the four theories simulated on a 20 4 lattice, and let f 0 (naM) be the same thing for the free theory L 0 . For each theory, and each value of the dimensionless lattice spacing aM, I minimized the sum
over values of (aM)
′ from (aM) ′ = 2 −11 to (aM) ′ = 2 4 at which I had measured the 2-point function of the free theory on a 20 4 lattice. I took the upper limit on the sum over n to be unity rather than 2 or more in order to stay within a range in which my statistical errors were small. I then estimated the physical mass of the boson to be the limit
The values of the mass ratios from my simulations of the four theories are displayed in 
V. SPECULATIONS ABOUT CONFINEMENT, GRAVITY, AND FERMIONS
Many nonrenormalizable theories are less singular than that of a free field. The space of such theories is vast. We can make a typical theory of scalar and vector bosons less singular by replacing its euclidian action density L by [5] 
or by any expression that grows dramatically for large L.
A. Confinement
The euclidian action density of SU(3) gauge theory (without fermions and θ-vacua) is the trace
in which the Faraday matrix is F µν = g t a F a µν , the generators t a of SU(3) are half the Gell-Mann matrices, and
The theory described by
has Green's functions that are less singular than those of the L 3 theory (36).
To simulate such a theory on a lattice while preserving gauge invariance, one may represent the matrix elements A µ bc of the gauge field matrix A µ = i t a A a µ in terms of three orthonormal vectors, e † b · e c = δ bc , as inner products of a vector e † b with the derivative ∂ µ e c of another vector [6] 
In this notation, in which commas denote derivatives, the elements F µν ab of the Faraday matrix are
This matrix vanishes unless the vectors have n > 3 components.
Wilson [7] , Creutz [8] , and others have demonstrated quark confinement on the lattice by replacing the euclidian action of pure continuum QCD
by a sum over the plaquettes ✷ of a lattice
of Wilson's action S ✷ which is the trace of the product of elements U of SU(3) on the links that form the plaquette compactification of the gauge fields. Thus, the ideas of this subsection may make possible a demonstration of quark confinement without the need to assume that compactification is justified.
B. Gravity
The euclidian action density of general relativity is not bounded below, and so the recipes (35) don't work for it. Instead, we can use, for instance,
in which α > 0, R e is the euclidian Ricci scalar, and |g| is the absolute value of the determinant of the euclidian metric tensor. We also could use 
The resulting theories are less singular than conventional quantum gravity.
C. Fermions
The energy density of the ground state of a free Fermi field is negative and quartically divergent, while that of its excited states can be arbitrarily high. So it may make sense to use a construction similar to (43 ) and (44). Instead of the usual fermionic action density
one could use
in which α > 0 or
These theories are less singular than the usual theories of fermions. 
